The paper presents the essential connections between fuzzy preorders and fuzzifying topologies. In detail, we establish systematic procedure indicating how fuzzifying topologies are induced from fuzzy preordered relations on a set X, and conversely, we will answer the problem that the specialization order can be induced by a fuzzifying topology on a set X. Moveover, a powerful method generating fuzzy preordered relations is obtained. 
Introduction
Since the theory of fuzzy sets was introduced by Zadeh in 1965, fuzzy ordered structures on a universal set had become a useful tool to model fuzziness and/or uncertainty in the real world. In general, relations (particularly, orderings) are fundamental concepts for expressing preferences. However, two-valued concepts and logic are rarely rich enough to express the complexity of the way that humans deal with preferences. By allowing intermediate degrees of relationship, fuzzy relations provide freedom to express the subtle nuances of human preferences. In published papers about fuzzy ordered structures, there is a central problem to ask how to produce fuzzy ordered structures on a given universe. It is well known that topological structures and classical order structures have close relations, which can be described as follows:
(1) For a preorder set ðX ; 6Þ, the family of all upper subsets of X is a topology, which is called the Alexandrov topology induced by ðX ; 6Þ in traditional mathematical books. (2) For a topological space ðX ; T Þ, a binary relation 6 on X can be defined as follows:
x 6 y if x 2 U implies y 2 U for each open set U in X, or equivalently x 2 fyg, where fyg is the closure of {y}. Then 6 is a preorder on X, called the specialization order determined by ðX ; T Þ on X in general. In the framework of fuzzy mathematics, many authors began to study the relationship between fuzzy ordered structures and fuzzy topological structures. For example:
(1) In [21] , authors have concluded that the set C * (R) of upper subsets of a fuzzy preorder R on a set X forms a fuzzy topology in the sense of Lowen [22] . In other words, C * (R) is closed with respect to finite meets, arbitrary joins and contains all the constant maps from X to [0, 1] . When R is equivalence on a set X, the conclusion was also obtained in [2, [16] [17] [18] 28] . Note that the method generating a fuzzy topology by fuzzy orders and fuzzy equivalence relations was discussed in [15] , which is pointed by a referee. Thus, fuzzy preordered structures are connected to fuzzy topological structures in the sense of Lowen. (2) Fuzzy preorders (resp., fuzzy equivalence) on a set X are closely related to pseudo-quasi-metrics (resp., pseudo-metrics) on X, see, e.g. [3, 4, 6, 13, 18] and many others, thus a fuzzy preorder itself can be considered as a generalized metric. So it generates a topology . Therefore, fuzzy preorders are connected to metric spaces and topologies. (3) In [25] , the relationship between fuzzy preorders and fuzzy topological spaces on a finite universe X has also been investigated from the viewpoint of rough sets, also its (TC) axiom endowed with a fuzzy topology is no longer true in the general case.
In 1980, Hö hle [14] introduced the concept of fuzzy measurable spaces with the idea of giving degrees in [0, 1] to some topological terms rather than 0 and 1. In 1991, by Łukasiewicz logic on [0, 1], Ying [29] introduced the concept of fuzzifying topology, whose definition is the same with Hö hle's. This paper is devoted to a topic in the research of fuzzy preorders and fuzzifying topologies.
The contents of the paper are arranged as follows. First, we recall some definitions and results which shall be needed in this paper in Section 1. In Section 2, we present a systematic procedure indicating how fuzzifying topologies are induced from fuzzy preordered relations, namely, the notions of fuzzified set of all upper (lower) crisp subsets and fuzzifying Alexandrov topology for a fuzzy preordered set, and also introduce pseudo-discrete fuzzifying topology for a fuzzy equivalence. Categorically, a concrete functor from the category of fuzzy preordered sets to that of fuzzifying topological spaces is established. Conversely, in Section 3, we answer the question of how a fuzzy preorder is induced from a fuzzifying topology, and obtain a powerful method generating preordered relations. When a fuzzifying topology is pseudo-discrete in the sense of this paper, the induced fuzzy preorder is precisely a fuzzy equivalence. Finally, we get a concrete functor from the category of fuzzifying topological spaces to that of fuzzy preordered sets. Moreover, this concrete functor together with the one obtained in Section 2 form a pair of adjoint functors from the category of fuzzy preordered sets to that of fuzzifying topological spaces.
It is worth while pointing out that our motivation is very different from [2, [15] [16] [17] [18] 28] . These authors investigated fuzzy topology in the sense of [5] or [22] rather than fuzzifying topology. In [19] , the author constructed an L-fuzzy topology on a set X from a crisp preorder, where L is a complete lattice and in [10] , a one to one correspondence between fuzzifying topologies and fuzzy preorders on a fixed set is established for a fixed tnorm * =^from the viewpoint of rough sets. But the focus of this paper is the relationship between fuzzy preorders and fuzzifying topologies on a set X for an arbitrary t-norm * .
Preliminaries
We refer to [20] for t-norms, to [1, 12] for category theory, to [14, 29] for fuzzifying topology. However, some properties of left continuous t-norm and concrete adjoint functors are recalled in the following.
A triangular norm, a t-norm for short, on the unit interval [0, 1] is a binary operation Ã : ½0; 1 Â ½0; 1 ! ½0; 1 which is symmetric, associative, order-preserving on each place, and has 1 as the unit element. A t-norm * is called left continuous if for each x 2 ½0; 1, the function x Ã ðÀÞ : ½0; 1 ! ½0; 1 has a right adjoint. That is, there is a function x ! ðÀÞ : ½0; 1 ! ½0; 1 such that x Ã y 6 z if and only if y 6 x ! z. In this case, the resulting binary function !: ½0; 1 Â ½0; 1 ! ½0; 1, given by ! ðx; yÞ ¼ x ! y, is called the residuation or implication operation with respect to the t-norm * . The binary function $: ½0; 1 Â ½0; 1 ! ½0; 1, given by $ ðx; yÞ ¼ x $ y ¼ minfx ! y; y ! xg is called the biresiduation operation on [0, 1] with respect to the t-norm * .
In this paper, we write I for the unit interval [0, 1] as usual, X for a nonempty universe set. The set of all characteristic functions of all ordinary (crisp) subsets of X is denoted by 2 X , where 2 = {0, 1}, and we do not distinguish a crisp subset A X and its characteristic function. A fuzzy subset R : X Â X ! I of X · X is referred to as a fuzzy relation on X. A fuzzy relation R : X Â X ! I is called:
(1) reflexive, if Rðx; xÞ ¼ 1 for all x 2 X; (2) symmetric, if Rðx; yÞ ¼ Rðy; xÞ for all x; y 2 X ; (3) * -transitive, if Rðx; yÞ Ã Rðy; zÞ 6 Rðx; zÞ for all x; y; z 2 X and a t-norm * on I.
The following propositions can be found in [21, 24] . Proposition 1.1. Suppose that * is a left continuous t-norm. Then
All the categories considered in this paper are concrete categories. A concrete category is a construct [1] . Precisely, a concrete category is a pair ðC; FÞ, where C is a category and F : C ! Set is a faithful functor (or forgetful functor). We write simply C for ðC; FÞ if the forgetful functor is obvious.
A concrete functor between two concrete categories ðC; FÞ and ðD; G) is a functor H : C ! D such that F = G H. It means that H only changes the structures on the underlying sets, leaving the underlying sets and morphisms untouched. 
Dg is a natural transformation from H 1 H 2 ðY Þ to the identity functor on D; and fid X : X ! H 2 H 1 ðX ÞjX 2 Cg is a natural transformation from the identity functor on C to
In the proposition above, ðH 1 ; H 2 Þ is called a Galois correspondence [1] or a Galois connection [12] . A fuzzifying topology on a set X [29, 14] is a function T : 2 X ! ½0; 1 such that:
And ðX ; TÞ is called a fuzzifying topological space. In addition, if T satisfies;
TðA j Þ,then T is called a saturated fuzzifying topology on X, and ðX ; TÞ is called a saturated fuzzifying topological space. A map f : ðX ; T X Þ ! ðY ; T Y Þ between fuzzifying topological spaces is said to be continuous if for any U 2 2 X ; T X ðf À1 ðU ÞÞ P T Y ðU Þ. Write FYS for the concrete category of fuzzifying topological spaces and their continuous functions, SFYS for the full subcategory of FYS composed by the objects of saturated fuzzifying topological spaces. Note that the forgetful functor F of the concrete category FYS is defined by FðX ; TÞ ¼ X for each fuzzifying topological space ðX ; TÞ.
Fuzzifying Alexandrov topology
In this section, we introduce the method obtaining fuzzifying Alexandrov topology determined by a fuzzy relation R : X Â X ! ½0; 1 on a set X. Recall that a fuzzy relation is a * -fuzzy preorder, or just a fuzzy preorder if it is reflexive and * -transitive. If R is a fuzzy preorder on X, the pair ðX ; RÞ is called a fuzzy preordered set. Of course, the real number Rðx; yÞ is viewed as the degree to which x is less than or equal to y. A symmetric fuzzy preorder is called a fuzzy equivalence. A fuzzy preorder R is called a fuzzy partial order if Rðx; yÞ ¼ Rðy; xÞ ¼ 1 implies that x ¼ y for each pair ðx; yÞ 2 X Â X . In this case, ðX ; RÞ will be called a fuzzy partial ordered set. Definition 2.1. Let ðX ; RÞ be a fuzzy preordered set. The map U : 2 X ! I, induced by R, is defined by
Rðx; yÞ ! ðU ðxÞ ! U ðyÞÞ:
We will call U the fuzzified set of all upper crisp subsets of ðX ; RÞ. Dually, the map L : 2 X ! I, induced by R, is defined as follows:
Rðx; yÞ ! ðU ðyÞ ! U ðxÞÞ;
and L is called the fuzzified set of all lower crisp subsets of ðX ; RÞ.
Remark 2.2
(1) Clearly, UðU Þ ¼ V ðx;yÞ2U ÂðX ÀU Þ Rðx; yÞ ! 0 for each U 2 2 X since U ðxÞ ! U ðyÞ ¼ 0 if and only if U(x) = 1 and U(y) = 0 for each pair ðx; yÞ 2 X Â X . (2) For a crisp set U X ; UðU Þ (L(U)) can be interpreted as the degree to which U is an upper (lower) crisp subset of fuzzy preordered set ðX ; RÞ. (3) If U(U) = 1, then U is an upper crisp set in the sense of Lai and Zhang [21] .
For a crisp preordered set X, the family of all the upper subsets of X is a topology on X, namely, Alexandrov topology usually denoted by C(6). We write simply C(X) for the topological space ðX ; Cð6ÞÞ. According to this idea, we introduce its fuzzifying form now. Theorem 2.3. Suppose that the map U : 2 X ! I ¼ ½0; 1 is the fuzzified set of all upper crisp subsets of ðX ; RÞ. Then U satisfies that for any A 2 X ,
Proof. Thus we obtain (ii [29] , the fuzzified set of all upper crisp subsets of a fuzzy preordered set ðX ; RÞ is a fuzzifying topology on X, called the * -fuzzifying Alexandrov topology on X, or just called fuzzifying Alexandrov topology on X induced by R, denoted by A(R) in the following. Note that A(R) is a saturated fuzzifying topology. We write simply A(X) for the fuzzifying topological space ðX ; AðRÞÞ.
For a crisp topological space C(X) determined by a crisp preordered set X, if C(X) is a T 0 -topological space, then X is a poset. Now let us research its counterpart in the fuzzifying setting. for each x; y 2 X with x 5 y, where 0 < r < T 0 ðAðX ÞÞ. Hence, there exists a U 2 2 X with AðRÞðU Þ > r; x 2 U and y 6 2 U or a V 2 2 X with AðRÞðV Þ > r; y 2 V and x 6 2 V. In case AðRÞðU Þ > r; x 2 U and y 6 2 U, we have Rðx; yÞ ! 0 > r, i.e., r Ã Rðx; yÞ ¼ 0 by (I 9 ). Therefore, Rðx; yÞ 6 ¼ 1. If AðRÞðV Þ > r; x 2 V and y 6 2 V, then we similarly get Rðy; xÞ 6 ¼ 1. Thus, by the definition of a fuzzy partial order, R is a fuzzy partial order, as desired. h Given a preordered set X, if the preorder on X is an equivalence, it is known that C(X) is a pseudo-discrete topological space, i.e., each open set in C(X) is also a closed set. As its generalization, we propose that a fuzzifying topological space ðX ; TÞ is called * -pseudo-discrete (or simply, pseudo-discrete if the t-norm is clear from the content), if TðX À U Þ ¼ TðU Þ for all U 2 2 X . The underlying idea is that the degrees, to which a set U and its complement X À U are open, should be the same. Thus, this definition of pseudo-discrete topological space agrees well with that in the classical setting. Proposition 2.6. If R is a fuzzy equivalence on a set X, then A(X) is a * -pseudo-discrete.
Proof. To prove AðX Þ ¼ ðX ; AðRÞÞ is * -pseudo-discrete, we need to show AðRÞðX À U Þ ¼ AðRÞðU Þ for each U 2 2 X . Before doing it, let us point out that Hence the equality is true in this case. Otherwise, if y 6 2 U, then it follows from x 2 U and x 6 2 U that
respectively. Thus, it follows that for each U 2 2 X , AðRÞðU Þ ¼ð There is a trivial fact that a crisp subset U in a classical preordered set ðX ; RÞ is an upper set if and only if its complement ðX À U Þ in X is a lower set. In the fuzzifying setting, this is also true in general. In details, we have Proposition 2.7. Let ðX ; RÞ be a fuzzy preordered set. Then LðU Þ ¼ UðX À U Þ for each U 2 2 X .
Proof. By Definition 2.1. h Definition 2.8 [21] . A function f : ðX ; R X Þ ! ðY ; R Y Þ between fuzzy preordered sets is called monotone 1 if R X ðx; yÞ 6 R Y ðf ðxÞ; f ðyÞÞ for all x; y 2 X . The category of all the fuzzy preordered sets and monotone functions is denoted by FPrOrd. Write FEQ for the full subcategory of FPrOrd, composed by the objects of the form ðX ; RÞ where R is a fuzzy equivalence. Therefore, f is continuous. h By the proposition above, we obtain a concrete functor A : FPrOrd ! FYS from the category of fuzzy preordered sets to that of fuzzifying topological spaces.
The specialization orders of fuzzifying topological spaces
Recall that for a classical topological space ðX ; T Þ, a binary relation 6 on X can be defined as follows: x 6 y if x 2 U implies y 2 U for each U 2 T. Then 6 is a preorder on X, called the specialization order of ðX ; T Þ. Now starting from a fuzzifying topological space ðX ; TÞ, we will introduce the specialization order on X induced by T in this section.
In [28] , the author provided a method generating fuzzy preorder and fuzzy equivalence by a crisp family of fuzzy subsets in X, which is called the Valverde order on X by Lai and Zhang [21] . That is, for a crisp family F of fuzzy subsets in X, X Ã ðFÞ : X Â X ! ½0; 1, defined by 8ðx; yÞ 2 X Â X ; X Ã ðFÞðx; yÞ ¼Û 2F U ðxÞ ! U ðyÞ is a fuzzy preorder on X, and X Ã ðFÞ : X Â X ! ½0; 1, defined by 8ðx; yÞ 2 X Â X ; X Ã ðFÞðx; yÞ ¼Û 2F U ðxÞ $ U ðyÞ is a fuzzy equivalence on X, where M is the biresiduation operator on [0, 1]. Following this idea, let us introduce a powerful method to generate fuzzy preorders and fuzzy equivalences in the fuzzifying setting.
Proposition 3.1. Let u : 2 X ! ½0; 1 be any map and R u : X Â X ! ½0; 1 be defined as follows:
R u ðx; yÞ ¼Û The second part of the conclusion is similar to the first part. h A fuzzifying topology T on X is said to be generated by u: 2 X ! ½0; 1 if T is the coarsest fuzzifying topology on X containing u, i.e., u 6 T, and a fuzzifying topology S on X with the property of u 6 S implies T 6 S. In this case, u is said to be a subbase [29] of T. Proof. The first part of Theorem 3.3 follows from Proposition 3.1. To show the second part of Theorem 3.3, we point out that for any two maps: u 1 ; u 2 : 2 X ! ½0; 1, u 1 6 u 2 in pointwise sense implies R u 1 P R u 2 in general. Thus it follows R u P R T from T P u. Moreover, 8U 2 2 X , AðR u ÞðU Þ ¼ð i.e., AðR u Þ P u. Therefore, AðR u Þ P T since T is the coarsest fuzzifying topology containing u. It turns out to be R T P R AðRuÞ . By Lemma 3.2, we obtain 8ðx; yÞ 2 X Â X , R u ðx; yÞ P R T ðx; yÞ P R AðRuÞ ðx; yÞ P R u ðx; yÞ;
i.e., R T ¼ R u , as desired. h By Proposition 3.1, we have obtained a general method inducing a fuzzy preorder on a set X by a map u : 2 X ! ½0; 1. Theorem 3.3 tells us the fuzzy preorder on X determined by u is just the specialization order of the fuzzifying topological space ðX ; TÞ, where u is a subbase of T. Hence the fuzzy preorder determined by a map u : 2 X ! I is nothing but the specialization order of fuzzifying topological spaces. Fuzzy orders and fuzzy equivalence have a wide application area (see, e.g. [3, 4, [6] [7] [8] [9] 13, 18] ). There is a natural problem which is described as under what condition the fuzzy preorder determined by a fuzzifying topology is fuzzy equivalence. Let us deal with it in following conclusion. Proposition 3.4. If ðX ; TÞ is a pseudo-discrete fuzzifying topological space, then R T is a fuzzy equivalence.
Proof. By Proposition 3.1, we know that R T is a fuzzy preorder on X. To prove the conclusion, it suffices to show R T ðx; yÞ ¼ R T ðy; xÞ for each pair ðx; yÞ 2 X Â X , that is, R T is symmetric. Recall that for each U 2 2 X , we have U ðxÞ ! U ðyÞ ¼ ðX À U ÞðyÞ ! ðX À U ÞðxÞ from the first part of the proof of Proposition 2.6. Note that we also have TðX À U Þ ¼ TðU Þ for each U 2 2 X since ðX ; TÞ is pseudo-discrete. Therefore, R T ðx; yÞ ¼Û Hence f is monotone. h According to Proposition 3.6, we get a concrete functor R from the category of fuzzifying topological spaces to that of fuzzy preordered sets, precisely, for each fuzzifying topological space ðX ; TÞ; RðX ; TÞ ¼ ðX ; R T Þ and for any continuous map f : ðX ; T X Þ ! ðY ; T Y Þ between fuzzifying topological spaces, Fðf Þ ¼ f : ðX ; R T X Þ ! ðY ; R T Y Þ. By Lemma 3.5 for any fuzzifying topological space ðX ; TÞ; id X : ðX ; A RðTÞÞ ! ðX ; TÞ is continuous, and by Lemma 3.2, for any fuzzy preorder set ðX ; RÞ, id X : ðX ; RÞ ! ðX ; R AðRÞÞis monotone. Therefore we have Write PsFYS for the full subcategory of FYS composed of * -pseudo-discrete fuzzifying topological spaces. And denote EA and PR for A and R restricted to FEQ and PsFYS, respectively. By Propositions 2.6, 3.4 and Lemmas 3.2, 3.5, we have 
Conclusions
In this work, we investigate fuzzy ordered relations in the frameworks of fuzzifying topology in the sense of [14, 29] . Because fuzzy ordered relations and fuzzifying topologies allow intermediate degrees of membership, we believe the methods offered in this paper, which can induce fuzzy ordered relation by fuzzifying topology and vice versa, are rational, and useful in fuzzy preference modeling. Moreover, because the representations of fuzzy ordered relations and fuzzifying topologies are based on general triangular norms and their implications, the present work may be quite likely to serve the purpose of potential applications within the framework of fuzzy set theory, such as fuzzy preference models, fuzzy decision making and linguistic approximations. In addition, the concept of topological structures and their generalizations are the most powerful notions in systems analysis, such as in structural analysis [23] , in chemistry [26] , and in physics [11] . We hope the present work can put a starting point for the applications of abstract fuzzifying topology into relevant areas. In general, we have
that is, AðR T Þ 6 ¼ T even if T is a saturated fuzzifying topology.
Remark 3. From Examples 1 and 2, we know that the equalities AðR T Þ ¼ T and R AðRÞ ¼ R are not true in general. Notice that, in [10] , authors have found the condition under which these equalities hold.
